Abstract. In this paper we propose a numerical method for the computation of the singular system of certain compact integral operators related to the problem of data inversion in confocal microscopy. The method is based on the sampling theorem for functions whose Hankel transform has a bounded support. In this way the original integral equation is transformed into an infinite-dimensional linear system for the values of the unknown function at the sampling point. The singular values of the infinite-dimensional matrix coincide with the singular values of the integral operator. Approximations of the singular systems are obtained by considering finite sections of the infinite-dimensional matrix.
Introduction
The confocal principle, known from acoustic microscopy [l] , has also been applied to optical microscopy [2, 31 and has provided improved resolution and imaging fidelity with respect to conventional light microscopy. This technique is known as confocal scanning laser microscopy (CSLM) .
In conventional CSLM the image is detected on the optical axis of the system and a two-dimensional image is obtained by means of two-dimensional scanning. In recent years it has been suggested [4] that a further improvement in resolution can be obtained if the full image is detected at each step of the scanning procedure and the integral equation of the first kind, describing image formation, is solved in order to recover the original object. This new method has been investigated in the onedimensional case both for coherent [5-81 and incoherent [9, 101 imaging and the possibility of improved resolution with respect to conventional CSLM has been demonstrated theoretically.
The results obtained in the one-dimensional case can be easily extended to the two-dimensional case with square pupils [7, 9] . However, this is not a practical situation. In this paper we will consider the case of circular pupils and we will assume that the optical system has a circular symmetry with respect to the optical axis. Moreover we will restrict the analysis to the problem of computing the singular system of the integral operator which relates the object to the image.
If p , p' are the vectors which give the position of a point in the image and object plane respectively,f(p') is the object, P(p') the profile of the illuminating beam and T ( p ) the impulse response function of the imaging lens, then the image g ( p ) is given by [7] 0266-5611/89/060935 + 23 $2.50 1989 IOP Publishing Ltd This is the general structure of the integral equations we investigate in this paper. A more precise specification will be given in a moment.
Let SI (p') be the point spread function of the illuminating lens and S,(p) the point spread function of the imaging lens. In the coherent casef(p') is the transparency of the object and T ( p ) = S,(p), P(p') = SI@'). Analogously, in the case of fluorescence microscopy, f ( p ' ) is the distribution of the fluorescent centres in the object plane and
The basic problem is to solve (1.1) for determiningf(p') from given values of g ( p ) . As is well known, this is an ill posed problem and a basic tool for the investigation of the stability of the solution is the singular system of the integral operator T(P) = 1S2(P)12, P(P') = IS,(P')lZ.
We recall that the singular system exists whenever the operator A is compact (in a suitable Hilbert space) and that it is the set of the triples (ak; uk, z ) k } which solve the shifted eigenvalue problem Here A* is the adjoint of the operator A .
Using the circular symmetry of the problem, the two-dimensional problem (1.1) can be reduced to an infinite set of one-dimensional problems by means of Fourier series expansions. Moreover we will assume that the functions T ( p ) and P(p) are band limited, i.e. that their two-dimensional Fourier transforms have a bounded support.
The last assumption is basic for our discretisation method which is based on the use of sampling expansions for band-limited functions. In such a way the original integral equation is reduced to an infinite-dimensional linear system. Approximations for the singular system of the integral operator can be obtained by truncating the infinite-dimensional matrix and by computing the singular system of the corresponding finite-dimensional matrix. The convergence of the approximation can be controlled by increasing the dimension of the matrix, i.e. the number of the sampling points.
In 92 we describe a few general properties of the integral operator (1.2). In 93 we reduce the two-dimensional problem to a set of one-dimensional problems by means of Fourier series expansions. In 94 we describe the discretisation method for the onedimensional equations. Finally in 995-7 we present numerical results corresponding to some cases of practical interest.
General properties of the integral operator
We consider the integral operator (1.2) as an operator in the Hilbert space X = L2(rW2). This is quite a natural assumption in the case of coherent illumination. All the examples considered in this paper correspond to this case. The same assumption, however, is quite useful also in the case of fluorescence microscopy since it simplifies the mathematical and the numerical analysis.
We notice that the adjoint of the operator (1.2) is given by
We will denote by B, the subspace of X containing all the band-limited functions with bandwidth a, i.e.
where CO = 10) and the Fourier transform is defined by L(w) = { h(p) e-i(w,p) dp.
As is well known, B, is a closed subspace of X. Moreover, thanks to the RiemannLebesgue theorem, a function h E B, is bounded, continuous and it tends to zero when p + CO. In fact, the function L(w) is also integrable:
as follows from the Schwarz inequality. We will consider the class of integral operators defined by the following conditions. (i) The functions T(p), P(p) belong to X , i.e.
(ii) The functions T(p), P ( p ) belong to B, and B, respectively, i.e.
T(w)
A result is the following: the integral operator A is compact, more precisely of the In fact, the Hilbert-Schmidt norm of A is given by
Hilbert-Schmidt class, in X .
I I 4 l H s = ({{IT(lp -p'l)121~(p')12 dp dp.)l'2
as follows from an obvious change of variables in the integral. The compactness of A implies the existence of the singular system of A . We recall that the set of the singular functions uk is a basis in the orthogonal complement of the null space of A , N ( A ) , which coincides with the closure of the range of A*, R(A*). Analogously the set of the singular functions vk is a basis in the closure of the range of A , R ( A ) , which coincides with the orthogonal complement of N ( A * ) .
From condition (ii) it follows that:
the orthogonal complement of N ( A ) is a subset of Bo+,,. Property (1) follows from the convolution theorem, since from (1.2) we have
and therefore (AS)^ (w) = 0 if w > a.
As concerns property (2), since N ( A ) is the set of all the functionsfsuch that Af = 0, from (2.10) it follows that N ( A ) is the set of all the functionsfsuch that (Pf)'(o) = 0 when w < a. Now Pf E X since f E X and P ( p ) is bounded. Moreover, P E B,. Then, from the convolution theorem it follows that (Pf)^(o) = 0 for w < a whenever
Since this subset of X is contained in N ( A ) and since its orthogonal complement is just Bo+h, it follows that N(A)' c Ba+b.
Since N ( A ) is not trivial, the solution of the integral equation g = Afis not unique, Moreover the solution does not exist whenever g has a component orthogonal to R ( A ) . In such a situation it is usual to introduce the generalised solution, i.e. the least squares solution of minimal norm [ll] of the equation g = Af This generalised solution, denoted byf", is orthogonal to N ( A ) . From the previous result we conclude that the generalised solution of (1.1) belongs to BU-,,.
Reduction of the two-dimensional equation to a set of radial equations
As we remarked in the introduction, thanks to the circular symmetry of the problem, the two-dimensional integral equation (1.1) can be reduced to an infinite set of onedimensional integral equations. To this purpose let us represent by means of Fourier series both the data function and the unknown function, for fixed p and p' respectively. For example we have where p = { p , 4). Similar formulae hold in the case of the functionf(p').
subspaces X = L 2 ( R 2 ) defined by This well known result can be also formulated as follows. Let {q} be the set of
Then Xis the direct sum of the subspaces X,
The important fact is that each subspace X, reduces the integral operator (1.2), i.e.
A commutes with the projection operator associated with X I . This can also be seen as follows. Let p = { p , $}, p' = { p ' , $'} and 9 = 4 -4'; then we put
By inserting in (1.1) the expansions (3. l), (3.6) and the expansion, analogous to (3. I), for f ( p ' ) we find where Notice that from (3.7) it follows that
The integral operator
is an integral operator in X,. More precisely A , = P,A if P/ is the projection operator onto X,. It follows that
and therefore the singular system of A is the direct sum of the singular systems of the operators A , .
The previous remarks imply that, if we do not consider the factor exp (i@) which appears in (3.4), then all the operators A , can be considered as integral operators in the Hilbert space 2, normed by (3.13)
In such a space the operator A , is of the Hilbert-Schmidt class if IIA, 11; s = jO+= P dP P' dP'IK,(P, P'>12 < +a.
(3.14)
Now, from (2.9) and (3.6) we deduce As follows from (3.19), ifg(o) = 0 when o > a then all the functionsg,(w) are zero for w > a.
We say that a function h,(p), of the variable p, is band limited with bandwidth a if its Hankel transform (of order I ) is zero when w > a. Then we have the following results, which are a consequence of the previous remark and of the results proved in $2.
( 
Discretisation of the radial equations
For a fixed I 2 0 let us consider (3.8) in the case wherefi(p') is the generalised solution
K,(p, p') being given by (3.9). As we know from $3, all the functions which appear in this equation Then the scalar product of S,,,(c; a) and 5i,m(c; w ) can be derived from (4.6) (in the case n = m one must compute the limit of the RHS of (4.6)). Equations (4.7) and (4.10) also imply the following projection property of the sampling functions q n ( c ; p ) : and the Parseval equality (4.13) (4.14)
The sampling expansion (4.7), with c = a + b, provides a representation of the generalised solution fit (p') which can be inserted in (4.1); moreover we only need to consider g,(p) at the sampling points x/,,,/u. We get Then, recalling that K, (x,,,/a, p' ) is band limited with bandwidth c = a + b and using the projection formula (4.13), we have (4.16) As follows from (4.14), the norm of the sequences of the coefficients g, (x,,,/a) The numerical method consists now in considering a finite section of the infinite dimensional matrix (4.20) and in computing, by means of a standard SVD routine, the singular system of the corresponding finite dimensional matrix. The singular values of the matrix provide approximations of the singular values of the integral operator. Analogously the singular vectors provide approximations of the singular functions if (4.17) and (4.18) are used for obtaining the sampling values of the singular functions. These sampling values can be interpolated using the truncated version of the sampling expansion (4.7).
Coherent case: circular pupils
In the case of coherent illumination and of aberration-free circular pupils, we have comparing with (3.6) we have
and therefore from (3.9)
If we take into account that K , ( p , p') has the bandwidth a = n, as a function of p for fixed p', and the bandwidth c = 2n as a function of p' for fixed p then, using again (4.6), one easily derives that the matrix (4.20) takes the following form:
where n, m = 1, 2, 3, . . . . We will also denote these approximations by a/,k, (we omit the indication of the values N , M in the notation). Analogously we will indicate by y,k the corresponding singular vectors. These vectors are normalised to 1 with respect to the usual Euclidean norm. Then the corresponding approximations of the singular functions of the original integral operator are obtained by means of (4.17) and (4.18) and of the truncated version of the sampling expansion (4.7) (see also (3.17) and (3.18)) In the case N = 240, the first five digits of the first eleven singular values do not change when M 2 60. We point out that, when N is fixed (and small), these singular values are not the singular values of the integral operator but the singular values of a problem with discrete data [14] .
In contrast, the convergence of the singular values is rather slow for increasing N . The first four digits of the first eleven singular values are stable only when N > 240. In If we consider now the implications of these numerical results as concerns the stability of the truncated singular function expansions [4, 73 we find that, in the case 1 = 0, assuming a signal-to-noise ratio of the order of 100, we can use the first 10 singular values for the approximate solution of the integral equation. In practice one must use probably a smaller number of terms since the signal-to-noise ratio is smaller than 100 in many practical circumstances.
For these reasons we have investigated the possibility of obtaining satisfactory approximations of the largest singular values using small values of N , i.e. a small number of data. The results are reported in table 2. It follows that the approximations obtained in this way are not very good from the numerical point of view (in some cases the error is of the order of lo%, as follows from a comparison of the values of table 2 with the values of table 1). The approximation can, however, be satisfactory for practical applications. The important consequence is that it is sufficient to measure a small number of data values and this confirms a result already obtained in the one-dimensional case [6] .
In figures 1-3 we give the first four singular functions uLk in the cases 1 = 0, 1, 2 . As follows from (2.1) and from the second of equations (1.3), all the zeros of the profile function P ( p ) are also zeros of the singular functions u , ,~( P ) (in such a case the zeros of J , (np) with p # 0). In the figures the position of the first zero of J , (np) (which is just the radius of the Airy disc) is indicated by a vertical dotted line. An interesting property of the singular functions in the case I = 0 is that they have exactly these zeros plus another zero in the interval (0, X , , , / T C ) when k 3 1. Within the numerical accuracy of our computations we have found that this zero is the same for all the singular functions with k 3 1. At the moment we d o not have a theoretical explanation of this numerical result.
Coherent case: one annular and one circular pupil
In this section we consider the case where one of the two pupils is a full circle of radius n (see 55, equation (5.2)) while the other pupil is an annular aperture with outer radius n and inner radius yn (0 < y < 1). In the case of conventional CSLM the two configurations, obtained by using the annular aperture for illumination or for imaging, are equivalent if one neglects the effect of the pinhole [2]. This is not true when the full image is detected. In fact in the two cases we have two different integral operators with different singular value spectra. 
Sl,(w) =
It is obvious that, when y = 0, the function S,(p) coincides with the function S ( p )
We consider now the two following configurations.
of (5.1).
Annular-circular case
In this case the object is illuminated by an annular aperture and the imaging lens is a full circle; then in (1.2) we have
P(P) = S?(P) T(P) = S(P).
(6.3) In table 4 we give the behaviour of the singular values as a function of y in the case 1 = 0. The singular value xo,o is a decreasing function of y and this result is related to the fact that the light transmitted by an annular pupil decreases as the radius of the inner circle increases. In table 5 we give the ratios C (~,~/ C (~,~ for the same values of y . In this way it clearly appears that, if we consider a truncated singular function expansion, with a fixed number of terms, then the ill conditioning of this approximate solution is a decreasing function of y . The maximum of the ill conditioning is obtained in the case y = 0, i.e. in the case of circular pupils considered in $5. This result can imply that it may be useful to illuminate the object by means of an annular aperture in order to enhance the resolution. In fact the illumination profile associated with an annular aperture is narrower than that associated with a circular aperture.
In figures 4 and 5 we plot the first four singular functions for y = 0.5 and y = 0.9, in the case 1 = 0. If we compare these singular functions with those plotted in figure 1 we find that, except the case k = 0, they have two zeros inside the Rayleigh interval while the singular functions of the circular case have at most one zero.
Circular-annular case
In this configuration the illuminating pupils is a full circle while the imaging pupil is an annular aperture, so that in (1.2) we have
(6.6) Then, the integral representation (5.3) implies that
and, from the addition theorem (5.4), we have
the function T,(p, p') being defined by (3.6) and (3.7). Finally, from (3.9), (4.20) and (4.6), after some elementary computation, we get lo' where xi. In
(6.10)
We present the numerical results in the same form used for the annular-circular case. Therefore, in table 6 we give the singular values as a function of I for y = 0.5; Table 7 . Singular values of the circular-annular case, 1 = 0, as a function of y = 0.3, 0.5, 0.7, 0.9 ( N = 280, M = 280). We point out that the convergence of the singular values, for increasing values of N amd M, is slower in this case than in the cases previously considered. This is especially true when y tends to 1.
When y = 0.9, using the maximum number of points allowed by our program, i.e. N = M = 280, we still have an error on the second digit of the last singular values given in table 7. On the other hand, in the case y = 0.5, a comparison between table 6 and  table 7 shows that with N = 240, M = 60 the first three digits are correct for almost all the first eleven singular values.
If we compare table 8 with table 5 we notice that the ill conditioning of the truncated singular function expansions in the circular-annular configuration is greater than the ill conditioning of the same solutions in the annular-circular case (and also greater than the ill conditioning of the circular-circular case). Moreover, for fixed k , the ill conditioning is an increasing function of y . Therefore the use of an annular aperture as imaging system does not seem to be convenient for obtaining the super-resolving effect. Further investigations, however, are required to confirm this conclusion.
Finally in figure 6 we plot the first four singular functions for y = 0.5, in the case I = 0. We notice that, except in the case k = 2, the singular functions with k > 0 have only one zero inside the Rayleigh interval.
Coherent case: annular pupils
In this section we consider the case where both pupils are annular apertures. Moreover we assume, for simplicity, that they have the same inner and outer radius, given respectively by yn and (0 < y < 1). Then we have the function S? ((p) being defined in (6.1). Table 9 . Singular values of the annular-annular case, with y = 0.5, for 1 = 0, 1, 2, 3 ( N = 240, A4 = 60). From the results of the previous section it follows that the matrix A$; is given by with B i i given by (6.10).
In table 9 we give the singular values for I = 0, 1,2, 3 in the case y = 0.5. These have been obtained with N = 240, M = 60. The convergence of the approximation is similar to that obtained in the circular-annular case. For this reason in tables 10 and 11 we give the results obtained using the maximum number of points allowed by our program, i.e. N = M = 280.
In Table 10 we give the singular values in the case I = 0 for various values of y . Also in this case we notice that the singular values are decreasing functions of y . In fact they tend to zero when y + 1 and this is again a consequence of the fact that, when y -+ 1, the intensity of the light transmitted by the two apertures tend to zero. Therefore the interesting quantities are again the ratios ~1~,~/ a , , , . These are given in table 11 and we find that these ratios are increasing functions of y , i.e. the ill conditioning of the truncated singular function expansions increases for increasing values of y. Again, such a result is analogous to that obtained in the circular-annular case. In figure 7 we plot the first four singular functions in the case y = 0.5. We notice that the singular functions with k = 2, 3 have two zeros inside the Rayleigh interval.
Concluding remarks
In this paper we have proposed a numerical method for the computation of the singular system of the integral operators related to the problem of data inversion in superresolving CSLM. The method applies to the case where the optical system has circular symmetry and it has been tested for several configurations of the illuminating and imaging lenses, assuming aberration-free objectives. The interesting result is that the ill conditioning of the truncated singular function expansion of the solution depends on the configuration. We summarise the results in table 12 where we compare the condition numbers of the circular-circular case (cc) with the condition numbers of the annular-circular (AC), circular-annular (CA) and annular-annular (AA), all the annular apertures being characterised by 7 = 0.5 (see (6.1)). These results can have a rather simple physical interpretation. In fact an annular aperture provides an illuminating profile which is narrower than the profile of a circular aperture; on the other hand an annular aperture, when used as an imaging system, transmits less information than a circular one. If we look at the results of table 12 we find that the smallest ill conditioning corresponds to the configuration (AC) and the largest one to the configuration (CA). The configurations (cc) and (AA) are intermediate. In fact (cc) is best for the imaging but not for the illumination. On the other hand (AA) is best for the illumination but not for the imaging. In conclusion these results seem to indicate that the use of an annular aperture for the illuminating system can facilitate the super-resolving effect in CSLM. The investigation of the transfer functions will be the subject of a future publication and it is important in order to confirm the previous conclusion. This point, however, is out of the scope of this paper, which is mainly devoted to the presentation of the numerical method.
